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Abstract
Spinorial geometry techniques have recently been used to classify all half
supersymmetric solutions in gauged five dimensional supergravity with
vector multiplets. In this paper we consider solutions for which at least
one of the Killing spinors generates a timelike Killing vector. We obtain
coordinate transformations which considerably simplify the solutions, and
in a number of cases, we obtain explicitly some additional Killing vectors
which were hidden in the original analysis.
1 Introduction
The classification of supersymmetric supergravity solutions is of interest in a num-
ber of contexts, such as the conjectured AdS/CFT correspondence, the microscopic
analysis of black hole entropy, and a deeper understanding of string theory dualities.
In particular, in five dimensions, considerable progress has been made in the classi-
fication and the analysis of solutions preserving various fractions of supersymmetry
of N = 2 gauged supergravity [1]-[11]. In these theories, the only solution which
preserves all of the supersymmetries is AdS5 with vanishing gauge field strengths
and constant scalars. The Killing spinor equations when expressed in terms of Dirac
spinors are linear over C, implying that supersymmetric solutions preserve 2, 4, 6 or
8 of the supersymmetries. However in the ungauged theory it was found that super-
symmetric solutions can only preserve 4 or 8 of supersymmetries [12, 13]. The first
supersymmetric solutions which were constructed [1] have naked singularities or naked
closed time-like curves. Domain walls and magnetic strings were also constructed in
[2]. Later, a more systematic approach, motivated by the results of Tod [14], was em-
ployed to construct and classify supersymmetric solutions. Quarter supersymmetric
solutions of minimal gauged N = 2, D = 5 supergravity where classified in [3]. The
first asymptotically AdS5 solutions with no closed time loops or naked singularities
were constructed for the minimal supergravity theory in [4]. Generalisations to so-
lutions with null Killing spinors as well as to solutions with vector multiplets were
later given in [5, 6].
Half supersymmetric solutions posses two Dirac Killing spinors thus enabling the
construction of two Killing vectors as bilinears in the Killing spinors. These vectors
could be either time-like or null and thus there exists three classes of solutions, de-
pending on the nature of the Killing spinors and vectors considered. All of these
solutions have been fully classified in [7, 8], using the spinorial geometry method.
In this approach to the analysis of the Killing spinor equations, the Killing spinors
are expressed in terms of differential forms [15, 16, 17], which are further simplified
by making appropriately chosen gauge transformations. These techniques were origi-
nally developed to analyse more complicated supergravity theories in ten and eleven
dimensions, see for example [18, 19, 20, 21]; it is also straightforward to use them to
analyse lower dimensional theories as well. The remaining class of supersymmetric so-
lutions, preserving 3/4 of the supersymmetry, has also been considered recently in [9]
where it was shown, again using spinorial geometry techniques, that these solutions
are merely cosets of AdS5.
It must be noted that supersymmetric solutions are not automatically solutions
of the equations of motion. For the 1/4 supersymmetric time-like solutions, one
must solve the gauge equations and the Bianchi identities in addition to the Killing
spinor equations. In the null case, however, one must additionally solve one of the
components of the Einstein equations of motion. For the 1/2 supersymmetric so-
lutions, considered in our present work, it was found that supersymmetry together
with Bianchi identities are sufficient to imply that all the Einstein, gauge and scalar
equations of motion are all satisfied.
Our present work is concerned with half supersymmetric solutions of gauged N =
1
2, D = 5 supergravity. We examine the time-like solutions of [7], and find coordinate
transformations which simplify these solutions and make it possible to extract some
hidden symmetries. Our work is organised as follows. In section two we present the
basics of the theories we are studying and their half supersymmetric solutions which
are presented in six classes. As three of these classes are already presented in [7] in the
most explicit possible form, we focus on the other three classes and find coordinate
transformations that simplify them. This simplification is presented in section 3.
2 Half Supersymmetric Timelike Solutions
In this section, we present a summary of all half supersymmetric solutions of gauged
N = 2, D = 5 supergravity, for which at least one of the Killing spinors generates
a timelike Killing vector. Such solutions were completely classified in [7] and are
specified in terms of a spacetime metric, together with a number of scalars XI and
2-form gauge field strengths F I . In the classification of these solutions, the Killing
spinors were expressed as differential forms on Λ∗(R2)⊗ C. One starts with the
most generic form for a symplectic Majorana spinor, then, by applying appropriately
chosen gauge transformations, the spinor can be written in a number of particularly
simple canonical forms. The conditions for quarter supersymmetric solutions with
a time-like Killing vector (generated from the Killing spinor) are then derived. The
conditions are then substituted into the Killing spinor equations, acting on the second
spinor, and further constraints on the Ka¨hler base are then determined. Using the
integrability conditions of the Killing spinor equations, it was demonstrated that for
a given background preserving at least half of the supersymmetry, where at least one
of the Killing spinors generates a time-like Killing vector, all of the Einstein, gauge
and scalar field equations of motion hold automatically provided that the Bianchi
identity is satisfied.
In listing all possible solutions, it will be particularly useful to introduce co-
ordinates t, x and decompose the mostly negative signature metric as
ds2 = f 4(dt+ Ω)2 − f−2ds2
B
, (2.1)
where ∂
∂t
is a Killing vector which is a symmetry of the whole solution, ds2
B
is the
metric on a 4-manifold B which is constrained by supersymmetry to be Ka¨hler; f is
a t-independent function and Ω is a t-independent 1-form on B. The bosonic action
of the theory is
S =
1
16πG
∫ (−R + 2χ2V) ∗1+QIJ (dXI ∧ ⋆dXJ − F I ∧ ∗F J)−CIJK
6
F I∧F J ∧AK
(2.2)
where I, J,K take values 1, . . . , n. The scalar fields XI are subject to the constraint
XIX
I = 1 , (2.3)
where
XI =
1
6
CIJKX
JXK . (2.4)
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The coupling QIJ and the scalar potential depend on the scalars via
QIJ =
9
2
XIXJ − 1
2
CIJKX
K , (2.5)
V = 9VIVJ(XIXJ − 1
2
QIJ) (2.6)
where VI are constants.
Bosonic backgrounds are said to be supersymmetric if there exists a spinor ǫa for
which the supersymmetry variations of the gravitino and dilatino vanish in the given
background. For the gravitino this requires
[
∇µ + 1
8
XI
(
γµF
I
ρσγ
ρσ − 6F Iµργρ
)]
ǫa − χ
2
VI(X
Iγµ − 3AIµ)ǫabǫb = 0, (2.7)
and for the dilatino it requires
[
1
4
(
QIJγ
µνF Jµν + 3γ
µ∇µXI
)
ǫa − 3χ
2
VIǫ
abǫb
]
∂rX
I = 0 . (2.8)
The Einstein equations derived from (2.2) are given by
Rαβ +QIJ
(
F IαλF
J
β
λ −∇αXI∇βXJ − 1
6
gαβF
I
µνF
Jµν
)
− 2
3
gαβχ
2V = 0 . (2.9)
The Maxwell equations are
d
(
QIJ ⋆ F
J
)
= −1
4
CIJKF
J ∧ FK . (2.10)
The scalar equations are
[
−d(⋆dXI) +
(
XMX
PCNPI − 1
6
CMNI
)
(FM ∧ ⋆FN − dXM ∧ ⋆dXN)
−3
2
χ2VMVNQ
MLQNPCLPIdvol
]
∂rX
I = 0 . (2.11)
We refer the reader to [7] for the details of the analysis of the Killing spinor
equations. The solutions can be divided into six classes:
(1) The Ka¨hler base metric has co-ordinates τ, η, u, v and is given by
ds2
B
= H2
(
dτ + η
(
∂Y
∂u
+H2 sinY
)
du+ η
∂Y
∂v
dv
)2
+
dv2
H2
+H2v2 sin2 Y du2
+ H2
(
dη − ηcotY ∂Y
∂u
du− η
(
cot Y
∂Y
∂v
+
1
v
)
dv
)2
(2.12)
3
and
Ω = − 1
2cv
(H2 +
c2v2
f 6
)dτ +
η
cv
(
1
2
θ sinY −H2∂Y
∂v
)dv
−η
(
H2
cv
(
∂Y
∂u
+H2 sinY ) +
1
2
sin Y (
θH2
c
cos Y +
c
f 6
H2v − 1
cv
H4)
)
du
(2.13)
and the scalars XI and function f are constrained by
∂
∂u
(
XI
f 2
) =
χH2VI sin
2 Y
c
,
∂
∂v
(
XI
f 2
) =
1
v
(
χVI(cosY − 1)
c
− XI
f 2
)
. (2.14)
For this solution, the scalars XI and f depend only on u, v; c, θ are constants
with c 6= 0, and H , Y are functions of u, v such that sinY 6= 0, which are
constrained by
∂H2
∂u
= H2v sin2 Y
(
3
χcvVIX
I
f 4
− θ
)
,
∂H2
∂v
= − cv
f 4
(
3χVIX
I +
c
f 2
)
+ cosY (3
χcvVIX
I
f 4
− θ), (2.15)
and
∂Y
∂u
= sinY
(
−H2 + 3χcv
2VIX
I
f 4
+
c2v2
f 6
)
+
v
2
sin 2Y
(
3
χcvVIX
I
f 4
− θ
)
,
∂Y
∂v
= − 1
H2
sinY
(
3
χcvVIX
I
f 4
− θ
)
. (2.16)
If θ 6= 0, then one can integrate up the constraints (2.14) to obtain
XI = f
2
(
qI
v
+
χ
c
(
c2v
f 6θ
− H
2
θv
− 1
)
VI
)
. (2.17)
The gauge field strengths are given by
F I = d
[
f 2XI(dt+ Ω) +
cvXI
f 4
(
dτ + ηH2 sinY du
)
−3χη
f 2
sinY (XIXJ − 1
2
QIJ)VJ(−H2v(1 + cosY )du+ dv)
]
.(2.18)
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(2) For the second class of solutions, one can choose a co-ordinate v on B together
with three v-independent 1-forms σi ( i = 1, 2, 3) on B orthogonal to ∂
∂v
. One
also has constants c, θ (c 6= 0) and the solution takes one of three types according
as cθ is negative, zero or positive. If θ 6= 0 then
ds2
B
=
1
θv + c2v2f−6
dv2 +
v
θ2
(θ + c2vf−6)(σ1)2 +
v
|θ|((σ
2)2 + (σ3)2), (2.19)
and if θ = 0,
ds2
B
=
1
c2v2f−6
dv2 + 4c8f−6v2(σ1)2 + 2c3v((σ2)2 + (σ3)2). (2.20)
The 1-forms σi satisfy
dσi = −1
2
ǫijkσ
j ∧ σk : if cθ > 0,
dσ1 = σ2 ∧ σ3, dσ2 = σ1 ∧ σ3, dσ3 = −σ1 ∧ σ2 : if cθ < 0,
dσ1 = σ2 ∧ σ3, dσ2 = dσ3 = 0 : if cθ = 0,
If θ 6= 0 then
Ω = −cv
θ
f−6σ1, (2.21)
whereas if θ = 0 then
Ω = 2c4vf−6σ1. (2.22)
In all cases, the scalars f and XI are constrained by
XI =
f 2
c
(−2χVI + ρI√
2v
) (2.23)
for constants ρI and
F I = d(f 2XIdt). (2.24)
(3) For the third class of solutions one can again choose a co-ordinate v on B
together with three v-independent 1-forms σi (i = 1, 2, 3) on B, orthogonal to
∂
∂v
. For these solutions, the scalars XI are constant, and it is convenient to
define
Λ = cθ + 9
√
2χ2(XIXJ − 1
2
QIJ)VIVJ (2.25)
for constants c, θ (c 6= 0). The scalar f is given by
f 2 =
√
2cv. (2.26)
The solution takes one of three types. If Λ 6= 0 then
ds2
B
=
1
( 1
2
√
2cv
− θv + 3χ
c
VIXI)
dv2 +
c2
Λ2
(
1
2
√
2cv
− θv + 3χ
c
VIX
I)(σ1)2
+
cv
|Λ|((σ
2)2 + (σ3)2), (2.27)
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and if Λ = 0,
ds2
B
=
1
( 1
2
√
2cv
− θv + 3χ
c
VIXI)
dv2 + 2c2(
1
2
√
2cv
− θv + 3χ
c
VIX
I)(σ1)2
+
√
2cv((σ2)2 + (σ3)2), (2.28)
The 1-forms σi satisfy
dσi = −1
2
ǫijkσ
j ∧ σk : if Λ > 0,
dσ1 = σ2 ∧ σ3, dσ2 = σ1 ∧ σ3, dσ3 = −σ1 ∧ σ2 : if Λ < 0,
dσ1 = σ2 ∧ σ3, dσ2 = dσ3 = 0 : if Λ = 0.
If Λ 6= 0 then
Ω =
1
Λcv2
(
1
2
√
2
+
3χv
2
VIX
I)σ1,
F I = d
(√
2cvXIdt+
3χ√
2Λ
(QIJ −XIXJ)VJσ1
)
(2.29)
whereas if Λ = 0, then
Ω =
√
2
cv2
(
1
2
√
2
+
3χv
2
VIX
I)σ1,
F I = d
(√
2cvXIdt+ 3χ(QIJ −XIXJ)VJσ1
)
. (2.30)
(4) For the fourth class of solution, the scalars XI are constant (VIX
I 6= 0), and
f = 1. (2.31)
The Ka¨hler base metric is the product of two 2-manifolds
ds2
B
= ds2(M1) + ds
2(M2) (2.32)
where M1 is H
2 with Ricci scalar R = −18χ2(VIXI)2, and M2 is H2, R2 or S2
with Ricci scalar R = 18χ2(QIJ −XIXJ)VIVJ . In addition, we have
dΩ = 3χVIX
Idvol (M1), F
I = 3χ(XIXJ −QIJ)VJdvol (M2) (2.33)
where dvol (M1), dvol (M2) are the volume forms of M1, M2.
(5) For the fifth class of solution, one takes co-ordinates ψ, φ, x1, x2 on the base
space B, whose metric is given by
ds2
B
= e
√
2̺2ψ
[
(dφ+ β)2 + dψ2 + T 2((dx1)2 + (dx2)2)
]
(2.34)
where β = βi(x
1, x2)dxi, ̺ is a non-zero constant and T = T (x1, x2) is a scalar.
β is constrained by the relation
T 2 =
1√
2̺2
(
∂β2
∂x1
− ∂β1
∂x2
)
.
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The scalars XI depend only on x1, x2, and
f = e
1√
2
̺2ψ
u (2.35)
for a function u which depends only on x1, x2. There also exist two purely imaginary
functions G, H which depend only on x1, x2 and satisfy the constraints
∂
∂x2
(TH) = ∂
∂x1
(TG), (2.36)
and
∂
∂x1
(
H
T
) =
∂
∂x2
(
G
T
),
∂
∂x1
(
G
T
) = − ∂
∂x2
(
H
T
). (2.37)
The scalars u and XI are constrained by
XI = u
2qI + χu
2
(
− i√
2̺3
(
1
T
∂G
∂x2
+
H
T 2
∂T
∂x1
) +
3χ
̺4u2
VJX
J
)
VI (2.38)
for constant qI , and T satisfies the equation
 log T + 2̺4T 2 = 18χ2(XIXJ − 1
2
QIJ)VIVJ
T 2
u2
(2.39)
where  = ( ∂
∂x1
)2 + ( ∂
∂x2
)2 is the Laplacian on R2. Finally, Ω is given by
Ω = −e
−√2̺2ψ
√
2
[
iT̺(−Gdx1 +Hdx2)
+
(− i√
2
1
̺
(
1
T
∂G
∂x2
+
H
T 2
∂T
∂x1
) +
3χ
̺2u2
VIX
I
)
(dφ+ β)
]
(2.40)
and the gauge field strengths are
F I = d
(
f 2XI(dt+ Ω)
)
+ 6χ(XIXJ − 1
2
QIJ)VJ
T 2
u2
dx1 ∧ dx2. (2.41)
(6) For the sixth class of solutions, it is again convenient to introduce coordinates
φ, ψ, x1, x2 on the Ka¨hler base. The base space metric is then
ds2
B
= dφ2 + dψ2 + T 2((dx1)2 + (dx2)2)
where T = T (x1, x2). The scalars f and XI depend only on x1, x2. Again, there
also exist two purely imaginary functions G, H which depend only on x1, x2 and
satisfy the constraints
∂
∂x2
(TH) = ∂
∂x1
(TG), (2.42)
and
∂
∂x1
(
H
T
) =
∂
∂x2
(
G
T
),
∂
∂x1
(
G
T
) = − ∂
∂x2
(
H
T
). (2.43)
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The scalars f and XI are constrained via
∂
∂x1
(
XI
f 2
) =
√
2iχTHVI ,
∂
∂x2
(
XI
f 2
) =
√
2iχTGVI . (2.44)
and T satisfies
 log T = 18
χ2
f 2
(XIXJ − 1
2
QIJ)VIVJT
2. (2.45)
Finally, Ω is constrained by
dΩ = − i√
2
(T
∂G
∂x2
+H ∂T
∂x1
)
(
dx1 ∧ dx2 − 1
T 2
dφ ∧ dψ
)
− 3χ
f 4
VIX
I
(
T 2dx1 ∧ dx2 + dφ ∧ dψ) , (2.46)
and the gauge field strengths are then given by
F I = d
(
f 2XI(dt+ Ω)
)
+ 6χ
T 2
f 2
VJ(X
IXJ − 1
2
QIJ)dx1 ∧ dx2. (2.47)
3 Simplification of the Solutions
The solutions of type (2), (3), (4) are given in the most explicit possible form. Hence,
we shall concentrate on the solutions of type (1), (5), (6).
3.1 Simplification of type (1) Solutions
We find it convenient to simply the expression for the metric and gauge field strengths
of these solutions by changing co-ordinates from (t, τ, η, u, v) to (t′, φ, w, u, v). There
are two cases, corresponding to θ 6= 0 and θ = 0.
3.1.1 Solutions with θ 6= 0
If θ 6= 0, it is convenient to make the co-ordinate transformation
t = t′ − w
2c
(H2 − c2v2f−6) cosY − wvθ
2c
,
η = v sinY w,
τ = φ+
w
θ
(H2 − c2v2f−6) + vw cosY. (3.1)
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In these new co-ordinates, the solution is specified by:
ds2
B
= H2(dφ+ (v cosY + θ−1(H2 − c2v2f−6))dw)2
+ H−2dv2 +H2v2 sin2 Y (dw2 + du2)
dt + Ω = dt′ − 1
2cv
(H2 + c2v2f−6)dφ
− ( 1
2cθv
(H4 − c4v4f−12) + 1
c
(H2 cosY +
θv
2
)
)
dw
F I = d
(
f 2XI(dt′ − 1
2cv
(H2 − c2v2f−6)dφ
− ( 1
2cvθ
(H2 − c2v2f−6)2 + H
2
c
cos Y +
θv
2c
+ cv2f−6)dw)
)
XI = f
2
(
qI
v
+
χ
c
(
c2v
f 6θ
− H
2
θv
− 1
)
VI
)
. (3.2)
for constants qI , where Y,H are functions of u, v (sinY 6= 0) satisfying the con-
straints (2.15) and (2.16). Note that ∂
∂t′ ,
∂
∂φ
and ∂
∂w
are commuting Killing vectors
which are also symmetries of the full solution.
3.1.2 Solutions with θ = 0
In the special case when θ = 0, note that
d(
c
χ
vf−2XI + vVI) = VI(cos Y dv +H
2v sin2 Y du) (3.3)
as not all of the VI vanish, fix some I˜ with VI˜ 6= 0, so that
d(
c
χ
vf−2
XI˜
VI˜
+ v) = cosY dv +H2v sin2 Y du. (3.4)
It is also convenient to define
X = vf−2
XI˜
VI˜
. (3.5)
The co-ordinate transformation is then given by
t = t′ − w
2c
(H2 − c2v2f−6) cosY,
η = v sin Y w,
τ = φ− w(v + c
χ
X) + vw cos Y. (3.6)
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In these new co-ordinates, the solution is specified by
ds2
B
= H2(dφ+ (v(cosY − 1)− c
χ
X)dw)2
+ H−2dv2 +H2v2 sin2 Y (dw2 + du2),
dt+ Ω = dt′ − 1
2cv
(H2 + c2v2f−6)dφ
+
( 1
2cv
(H2 + c2v2f−6)(v +
c
χ
X)− H
2
c
cosY
)
dw,
F I = d
(
f 2XI(dt′ − 1
2cv
(H2 − c2v2f−6)dφ
+ (
1
2cv
(H2 − c2v2f−6)(v + c
χ
X)− H
2
c
cosY − cv2f−6)dw)),
vf−2XI = XVI + qI , (3.7)
for constants c, qI (qI˜ = 0), where Y,H are functions of u, v (sinY 6= 0) satisfying
the constraints (2.15) and (2.16) with θ = 0.
Again, note that ∂
∂t′ ,
∂
∂φ
and ∂
∂w
are commuting Killing vectors which are also
symmetries of the full solution.
3.2 Simplification of type (5) Solutions
To simplify the solutions further, define
Q = − i√
2
̺(T−1
∂G
∂x2
+HT−2 ∂T
∂x1
) + 3χu−2VIX
I (3.8)
so that
Ω = −e
−√2̺2ψ
√
2̺2
[
iT̺3(−Gdx1 +Hdx2) +Q(dφ+ β)] (3.9)
and noting that
dQ =
√
2i̺5(THdx1 + TGdx2) (3.10)
one finds
d
[
Q2 − ̺6(2u
−6
̺2
+ G2 +H2)] = 0 (3.11)
and hence
Q2 = ξ + ̺6(
2u−6
̺2
+ G2 +H2) (3.12)
for constant ξ. Also note that
u−2XI =
χ
̺4
QVI + qI . (3.13)
There are then a number of subclasses of solutions, according as to whether H2+G2 6=
0 or H = G = 0.
10
3.2.1 Solutions with H2 + G2 6= 0
Suppose we consider a neighbourhood in whichH2+G2 6= 0. Note that as T−1(H+iG)
is a holomorphic function of x1+ix2, it follows that TH+iG is also a holomorphic function
of x1 + ix2, and so
∂
∂x1
(
TH
H2 + G2
)
= − ∂
∂x2
(
TG
H2 + G2
)
,
∂
∂x1
(
TG
H2 + G2
)
=
∂
∂x2
(
TH
H2 + G2
)
(3.14)
or equivalently
d
(
TG
H2 + G2dx
1 − THH2 + G2dx
2
)
= 0,
d
(
TH
H2 + G2dx
1 +
TG
H2 + G2dx
2
)
= 0, (3.15)
hence one obtains (locally) real functions z = z(x1, x2), y = y(x1, x2) such that
TG
H2 + G2dx
1 − THH2 + G2dx
2 = idz,
TH
H2 + G2dx
1 +
TG
H2 + G2dx
2 = idy, (3.16)
with
∂
∂z
=
i
T
(
G ∂
∂x1
−H ∂
∂x2
)
,
∂
∂y
=
i
T
(
H ∂
∂x1
+ G ∂
∂x2
)
. (3.17)
Next, note that one can solve for the 1-form β to find (up to a total derivative which
can be neglected)
β = − i
̺3
QT
H2 + G2 (−Gdx
1 +Hdx2) = −Q
̺3
dz (3.18)
and the expression for Ω can be further simplified to
Ω = − 1√
2̺2
e−
√
2̺2ψ
(
Qdφ− 1
̺3
(ξ + 2̺2u−6)dz
)
. (3.19)
It is then straightforward to see that ∂
∂z
is an additional Killing vector, which is also
a symmetry of the full solution: Q,XI , u are functions only of y, and the metric on
the Ka¨hler base space simplifies to
ds2
B
= e
√
2̺2ψ
(
(dφ− Q
̺3
dz)2 + dψ2 − (H2 + G2)(dz2 + dy2)). (3.20)
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Finally, it is most useful to change co-ordinates from (t, ψ, φ, z, y) to (t, ψ, φ, z, Q);
where
dQ = −
√
2̺5(H2 + G2)dy. (3.21)
In these new co-ordinates, the solution is given by
ds2
B
= e
√
2̺ψ
[
(dφ− Q
̺3
dz)2 + dψ2 + (2u−6̺−2 − ̺−6(Q2 − ξ))dz2
+
1
2(2u−6̺8 − ̺4(Q2 − ξ))dQ
2
]
,
u−2XI =
χ
̺4
QVI + qI ,
Ω = − 1√
2̺2
e−
√
2̺2ψ(Qdφ− 1
̺3
(ξ + 2̺2u−6)dz),
F I = d
(
u2e
√
2̺2ψXI(dt+ Ω)
)
+ 3
√
2χ̺−5u−2VI(X
IXJ − 1
2
QIJ)dz ∧ dQ,
f = e
̺
2
√
2
ψ
u. (3.22)
for constants ̺ 6= 0, qI , ξ. Note that ∂∂t , ∂∂φ , ∂∂z are commuting Killing vectors which
are symmetries of the full solution.
3.2.2 Solutions with H = G = 0
If H = G = 0 then the scalars XI are constant, as is u. Without loss of generality,
set u = 1. With these constraints, the function T which is introduced [7] must satisfy
T−2 log T = Λ (3.23)
where
Λ = −2̺4 + 18χ2(XIXJ − 1
2
QIJ)VIVJ
is constant. Let M be a 2-manifold equipped with metric
ds2(M) = T 2((dx1)2 + (dx2)2). (3.24)
Then (3.23) implies that M has Ricci scalar (M)R = −2Λ , so is isometric to S2, R2
or H2 according as Λ < 0, Λ = 0 or Λ > 0 respectively. Note also that the 1-form β
must satisfy
dβ =
√
2̺2dvol (M). (3.25)
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Hence, to summarize, these solutions have constant XI , and
ds2
B
= e
√
2̺2ψ((dφ+ β)2 + dψ2 + ds2(M)), dβ =
√
2̺2dvol (M),
(M)R = 4̺4 − 36χ2(XIXJ − 1
2
QIJ)VIVJ ,
Ω = −3χVIXI e
−√2̺2ψ
√
2̺2
(dφ+ β),
F I = d
(
e
√
2̺2ψXI(dt+ Ω)
)
+ 6χ(XIXJ − 1
2
QIJ)VJdvol (M),
f = e
̺
2
√
2
ψ
. (3.26)
where ̺ is a non-zero constant.
Note that ∂
∂t
and ∂
∂φ
are commuting Killing vectors which are symmetries of the
full solution. A Killing vector of M can also be obtained which commutes with both
∂
∂t
and ∂
∂φ
and is also a symmetry of the full solution. So again, there are three
commuting Killing vectors which are symmetries of the full solution.
3.3 Simplification of type (6) Solutions
Again, for these solutions, there are two sub-classes, according as G2 + H2 6= 0, or
G = H = 0.
3.3.1 Solutions with H2 + G2 6= 0
In order to simplify the solutions of type (6), note that the functions G,H, T satisfy
the same constraints (2.42 ) and (2.43) as the type (5) solutions, and hence we again
introduce co-ordinates z, y such that
TG
H2 + G2dx
1 − THH2 + G2dx
2 = idz,
TH
H2 + G2dx
1 +
TG
H2 + G2dx
2 = idy, (3.27)
with
∂
∂z
=
i
T
(G ∂
∂x1
−H ∂
∂x2
)
,
∂
∂y
=
i
T
(H ∂
∂x1
+ G ∂
∂x2
)
. (3.28)
It is also convenient to define the scalar Q by
Q2 = −(G2 +H2). (3.29)
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Then the constraints (2.42) and (2.43) imply that Q, f and XI are functions only of
y, with
d
dy
(f−2XI) =
√
2χQ2VI . (3.30)
Next, note that
dΩ =
(
1√
2
d logQ
dy
− 3χf−4VIXI
)
dφ ∧ dψ
+
(
− 1√
2
d logQ
dy
− 3χf−4VIXI
)
T 2dx1 ∧ dx2. (3.31)
The integrability condition of this constraint is given by
1√
2
d logQ
dy
− 3χf−4VIXI = ξ (3.32)
for constant ξ.
It is then straightforward to show that
dΩ = ξdφ ∧ dψ + d( 1√
2
(
1
2
Q2 + f−6)dz
)
(3.33)
and also
F I = d
(
f 2XI(dt+ Ω)−
√
2f−4XIdz
)
. (3.34)
Finally, consider the constraints (3.30) and (3.32). As not all VI vanish, choose I˜
such that VI˜ 6= 0 , then (3.30) implies
Q2 =
1√
2χ
d
dy
(
f−2
XI˜
VI˜
)
. (3.35)
It is then convenient to define
X = f−2
XI˜
VI˜
. (3.36)
Combining all of the above constraints, one finds that the solution is specified by
f−2XI = XVI + qI , where X satisfies
1
4χ
dX
dy
− 1
2
f−6 =
ξ√
2χ
X,
ds2
B
= dφ2 + dψ2 + 2
√
2(
1
2
f−6 +
ξ√
2χ
X)(dy2 + dz2),
dΩ = ξdφ ∧ dψ + d
(
(
√
2f−6 +
ξ√
2χ
X)dz
)
,
F I = d
(
f 2XI(dt+ Ω)−
√
2f−4XIdz
)
. (3.37)
for constants qI (qI˜ = 0), ξ.
Note that ∂
∂t
, ∂
∂φ
, ∂
∂z
are commuting Killing vectors which are symmetries of the
full solution.
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3.3.2 Solutions with H = G = 0
For these solutions, the scalars XI and f are constant; without loss of generality set
f = 1. (3.38)
Then
ds2B = dφ
2 + dψ2 + ds2(M) (3.39)
where M is a 2-manifold which is either S2, R2 or H2 according as the Ricci scalar
(M)R = −36χ2(XIXJ − 1
2
QIJ)VIVJ
is positive, zero, or negative. In addition, one has
dΩ = −3χVIXI(dvol (M) + dφ ∧ dψ)
F I = −3χXIXJVJdφ ∧ dψ + 3χ(XIXJ −QIJ)VJdvol (M). (3.40)
It is clear that this solution also admits three Killing vectors which are symmetries
of the full solution.
4 Summary
In summary we have revisited the classification of 1/2 supersymmetric solutions of
the theory of N = 2, D = 5 supergravity which have at least one time-like Killing
spinor. Three of the six classes of these solutions were given in their most explicit
form in [7]. Our purpose was to recast the remaining three solutions in a form which
enabled us to extract some hidden isometries of the metric solutions. We found coor-
dinate transformations that simplified these three classes of solutions and allowed the
explicit construction of their Killing vectors. It is of interest to investigate whether
there are any regular asymptotically AdS5 black ring solutions. Supersymmetric
rings exist in the ungauged theory [23, 24, 25, 26] and it is known that supersym-
metry is fully restored at the ring horizon. Furthermore, supersymmetric regular
asymptotically AdS5 black holes undergo supersymmetry enhancement from 1/4 to
1/2 supersymmetry in their near horizon limits. So, if AdS5 black rings exist in the
gauged theory, one might also expect that supersymmetry is enhanced from 1/4 to
1/2 at the horizon.
Recent work [22] has shown that there are no black rings which have horizons with
a [U(1)]2 symmetry. In our work, we have shown that the 1/2 supersymmetric solu-
tions in the “timelike” class possess, in addition to the timelike Killing vector gener-
ated by the timelike Killing spinor, two further commuting Killing vectors. However,
these two additional Killing vectors are not necessarily spacelike. Hence, in order to
determine if there exists a 1/2 supersymmetric solution corresponding to the near-
horizon geometry of a black ring, it will be necessary to construct a more detailed
analysis of half-supersymmetric near horizon geometries. The simplifications to the
half-supersymmetric solutions presented in this work will be useful in constructing
such a classification.
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